Abstract. In this paper, we obtain a necessary and sufficient condition for boundedness of composition operator C ϕ , between two different weighted spaces of holomorphic functions on the upper half-plane, whenever one of the weights satisfy certain growth condition.
INTRODUCTION
In Corollary 1.5 of [1] , we have characterized boundedness of composition operator C ϕ between two different weighted spaces of holomorphic functions on the upper halfplane. In this paper, with the same assumptions as in [1] , we present an alternative necessary and sufficient condition for boundedness of composition operator C ϕ , in terms of ϕ. Although, we use the concept of associated weight to obtain this characterization, but associated weight does not appear in our characterization (see Theorem 2.3) and this is important because it is difficult to estimate an associated weight. Also, we refer the reader for the analogue problem for weighted spaces on the unit disc to [4] and [5] . We begin with the preliminaries which are required throughout this paper. Definition 1.1. The sets D = {z ∈ C :| z |< 1} and G = {ω ∈ C : Im ω > 0} are the unit disc and upper half-plane respectively.
Definition 1.2. A continuous function
e υ depends only on the imaginary part), υ(si) < υ(ti) when 0 < s ≤ t and lim t→0 υ(ti) = 0. Definition 1.3. Let υ be a standard weight on G. We say υ satisfies condition ( * ) if there are constants C, β > 0 s.t
It has been proved that υ satisfies condition ( * ) if and only if sup k∈Z
< ∞ (see [2] ). Indeed, condition ( * ) states although υ is increasing but the speed of its growth is under the control and it can not grow too fast otherwise sup k∈Z
, υ 3 (ω) = log(Im ω + 1) are standard weights which satisfy condition ( * ). Also, υ 2 is a bounded weight. 
and the space 
Throughout this paper we deal with the cases
It is easy to see that, always we have υ ≤υ (see [3] ). But in general υ andυ are not necessarily equivalent( i.e υ is not essential) . It seems if a standard weight does not satisfy ( * ), then it is not essential. But this is not really true. As an example, define υ,
υ is a standard weight which does not satisfy ( * ). To see υ is essential, fix it 0 on the imaginary axis. If t 0 > 1, put h 1 (ω) = e iω . Hence, f υ < C for some universal constant C and
is equivalent to υ(it 0 ). Therefore, υ is essential. Definition 1.9. Let υ be standard weight on G. For any n ∈ N, we define 
Proof. See Proposition 1.4 of [2] . 
MAIN RESULT
To obtain the main theorem of this paper we need the following two lemmas.
Proof. By the definition of associated weight we havẽ
For the second assertion of the lemma fix ω 0 ∈ G. Since
is compact subset of H(G) whenever H(G)
is endowed with the compact-open topology, using the continuity of point evaluvations yields the supremum in the definition ofυ n is a maximum ( see also after Definition 1.1 of [3] for similar argument on the unit disc). Therefore, for all n ∈ N there is a f n ∈ H υn (G) with f n υn ≤ 1 such thatυ n (ω 0 ) =
. Therefore, {f n } is a locally bounded sequence of holomorphic functions on G and Montel's theorem implies that there is a subsequence f n k of f n which converges uniformly to a holomorphic function f on the compact subsets of G. f n υn ≤ 1 and υ n ↑ υ hence,
Suppose υ and υ are two weights such that υ ≤ υ . As an immediate consequence of the definition of associated weight we haveυ ≤υ . Now, using the fact υ n ↑ υ, we haveυ Therefore,
Now, relations (2.1) and (2.2) imply thatυ(ω 0 ) = sup nυn (ω 0 ). Since ω 0 ∈ G is arbitrary proof is complete.
Lemma 2.2. Let υ be a standard weight on G satisfying condition ( * ). Thenυ is equivalent to
Fix n ∈ N. Obviously, u n is a radial, continuous and non-increasing weight with respect to | z |. Also, lim |z|→1 u n (z) = 0.
where the norm of monomial ξ k is calculated in H un (D).
As in the proof of Lemma 5 in [4] ( see line 6 of page 145) we have
) ≤ max(2, c 1 ) = c 2 . Now, inserting this relation in relation (2.4) and using z instead ξ in relation (2.4) we obtain
Now, by taking supremum over n ∈ N in relation (2.5), considering the relation υ n ↑ υ and applying the second assertion of Lemma 2.1, we obtaiñ
which proves the lemma. 
Proof. Lemma 1.15 implies that (i) is equivalent to
Now, using Lemma 2.2 we havẽ
ω+i | k which implies that [4] , one can see the analogue of Theorem 2.3 is true for weighted spaces of H υ (O) whenever O = {z ∈ C : Re z > 0} and our weights are bounded, continuous, depending only on the real part and tending to zero at imaginary axis. It is worth to be worked out, is it possible to extend this result of [4] to unbounded weights by using the method we have presented here?
